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Thermal lens (TL) is a key effect in laser engineering and photothermal spectroscopy. The amplitude of the TL signal
or its dioptric power is proportional to the optical path difference (OPD) between the center and border of the beam,
which is proportional to the heat power (Ph). Due to thermally inducedmechanical stress and bulging of end faces of
the sample, OPD depends critically on the geometry of the sample. In this investigation, TL measurements were
performed as a function of the sample length keeping the same Ph. It is experimentally demonstrated that for ma-
terials with positive ∂n∕∂T OPD increases typically 30 to 50% with the decrease of sample length (from long rod to
thin-disk geometry). For materials with negative ∂n∕∂T , this variation is much larger due to the cancelation of the
different contributions to OPD with opposite signs. Furthermore, the experimental investigation presented here
validates a recently proposed unified theoretical description of the TL effect. © 2014 Optical Society of America
OCIS codes: (300.6430) Spectroscopy, photothermal; (350.5340) Photothermal effects.
http://dx.doi.org/10.1364/OL.39.004013
The description of wavefront distortion induced by laser
absorption in optical elements is fundamental in the de-
sign and evaluation of solid state lasers, optical windows,
and other passive optical components for high power la-
ser systems [1–5]. Thermal lensing is the dominant effect
for beam quality and power scaling of solid state lasers.
The calculation and experimental determination of the
dioptric power of the thermal lens (TL) effect is very im-
portant in several applications. Much effort has been
made on the study of diode pumped solid state lasers
(DPSSL), especially when operating in an end-pumping
configuration due to the highly localized heat deposition
achieved in this configuration [1]. For instance, compen-
sation of TL effects is a key issue for the performance of
interferometric gravitational-wave detectors [2]. Moni-
toring the dynamic process of optical path difference
(OPD) with photothermal methods enables direct quan-
titative access to many physical properties of a large
class of materials. In general, pump-probe photothermal
techniques are attractive as highly sensitive, fast, non-
contacting, and nondestructive methodologies [6].
In liquids the TL effect is governed by the temperature
coefficient of the refractive index, ∂n∕∂T . However, for
solids the problem is more complex because the OPD is
strongly affected by thermal expansion that leads to elon-
gation and bulging of the end faces in addition to the
mechanical stress. The relative magnitude of these three
different contributions to OPD depends critically on the
geometry of the sample and its physical properties.
Sometimes, the TL effect is diminished due to the nega-
tive sign of these terms, usually ∂n∕∂T [7]. Analytical ex-
pressions for OPD calculation, and consequently the
effective value of TL focal length, f th, or dioptric power,
Dth (f th  D−1th ), are available only in the limiting cases of
the so called “thin-disk” or “long-rod” using the plane-
stress and plane-strain approximations, respectively
[4,5]. Consequently, numerical methods (mostly finite
element analysis) are required for an in-depth analysis
of many problems. Recently, Malacarne and co-workers
[8,9] obtained an analytical expression for OPD calcula-
tion for samples with arbitrary thickness. This proposed
“unified theoretical model” is an important step toward
the understanding of OPD in optical materials, according
to an OSA Spotlight comment [10].
The dual-beam mode-mismatched thermal lens
(MMTL) spectrometry was developed to improve the
sensitivity of TL measurements. It is a very sensitive, ac-
curate, and simple method for the determination of TL
induced phase-shifts and thermo-optical properties of la-
ser materials, such as thermal diffusivity and the fluores-
cence quantum efficiency (η) of laser media, without
requiring complicated setups or calibration procedures
[11]. This method was used to determine the temperature
coefficient of the optical path of several laser and optical
materials [12]. It was also applied to determine f th and
the thermal load of a diode end-pumped Nd:YAG laser
(oscillating at 1.06 and 1.34 μm) [13]. In this study, the
MMTL method was used to determine the evolution of
the f th with the sample length in order to discriminate
the effect of thermal stress. The experiments were per-
formed in four different materials: calcium aluminosili-
cate (CAS), Q98 from Kigre Inc., and BK7 borosilicate
and Zerodur glass from Schott. These materials were se-
lected for their thermo-optical properties (Table 1). CAS
is typical oxide glass with positive ∂n∕∂T and positive
linear thermal expansion coefficient [14,15]. Q98 is a
Nd3 doped phosphate glass with negative ∂n∕∂T , which
was designed to be an athermal optical material. BK7 is a
typical highly transparent borosilicate glass. Zerodur is a
glass ceramic with an extremely low coefficient of ther-
mal expansion. It was observed that the TL signals, and
consequently f th, are in complete agreement with the
theoretical predictions of the recently developed theory
[8,9]. Although, the results reach the expected “thin-disk”
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and “long-rod” values in their respective limits, we found
that the thin-disk formula has been used indiscriminately
in the literature, sometimes in situations better described
by the long-rod case.
The experiments were performed in a mode-
mismatched configuration, as shown in Fig. 1, at room
temperature. A continuous wave (cw) TEM00 Gaussian
excitation laser beam at the wavelength λe  514.5 nm
irradiates a weakly absorbing sample of thickness l0,
inducing a time- dependent temperature gradient and a
correspondent thermoelastic surface displacement. A
weak TEM00 Gaussian beam at λp  632.8 nm, almost
collinearly arranged with the excitation laser beam, trav-
els through the sample and probes the TL. The radii of the
excitation and probe beams in the sample are w0e 
55 μm and w1p  377 μm, respectively. The confocal dis-
tance of the excitation laser beam is ZCE  18.5 mm. The
probe beam propagates in the z-direction, and the sample
is placed at z  0. The distance between the sample and
the probe beam waist of radius ω0p is Z1  13.3 cm, and
the distance between the sample and the detector plane
is Z2  276.6 cm. As in most TL analytical approaches, it
is assumed that the radial dimensions of the sample are
large compared with the excitation beam radius, and the
excitation time is short enough to avoid edge effects, i.e.,
the sample is assumed to be radially infinite.
Figure 2 displays the time-resolved TL transients ob-
tained from the experiments for Zerodur and CAS sam-
ples with different thicknesses. For both materials the
experiments were designed to compare the TL signal
of the different samples keeping the product Pel0 con-
stant (Pe is the excitation beam power). The signals from
five different Zerodur samples cannot be distinguished
while for CAS the signal amplitude increases as the
sample thickness is decreased. The Zerodur data can
be interpreted by the standard TL theory [11], where
the transient signal amplitude is proportional to θT ,
θT  ϑl0χ; (1)
where ϑ  PeAeϕ∕kλp. Ae is the optical absorption co-
efficient at the excitation beam wavelength, k is the ther-
mal conductivity, ϕ is the fraction of absorbed energy
converted into heat, and χ is thermo-optical coefficient.
The characteristic TL signal response time is given by
tc  w20e∕4D, where D  k∕ρc is the thermal diffusivity,
in which ρ is the mass density and c is the specific heat.
The parameters θT and tc were obtained by fitting the ex-
perimental transient signals of Fig. 2 to the standard
model [11]. For Zerodur, from tc the thermal diffusivity
value was obtained as D  8.2 0.3 × 10−7 m2∕s,
which is in good agreement with the literature (Table 1).
Zerodur has no fluorescence under excitation at
514.5 nm, and it can be assumed that all absorbed energy
is transformed into heat, i.e., ϕ  1. Therefore, using θT
from regression in Eq. 1, we obtained for Zerodur, as in a
liquid, that χ ≈ ∂n∕∂T since this material was designed to
have negligible thermal expansion (αT ≈ 0). When the
factor Pel0 is constant, the absorbed power is constant
and, by Eq. (1), θT and the TL signal are also expected
to remain the same. Hence, Fig. 2(b) demonstrates that
the CAS signal cannot be explained by the standard
simplified model. This is clearly shown by the fact that
the amplitude of the TL signal decreases as l0 increases.
The problem here is the assumption that the phase pro-
file is proportional to the temperature profile by
Φr; t ∝ χTr; t. In fact, due to the thermoelastic effect
Table 1. Physical Properties of the Samples [14,15].
Parameters for Q98, Zerodur, and BK7 are from
Vendors.
Parameter Units CAS Q98 Zerodur BK7
ρ kgm−3 2890 3099 2530 2510
n 1.63 1.555 1.54 1.517
c Jkg−1 K−1 810 800 800 858
k Wm−1 K−1 1.35 0.82 1.46 1.114
∂n∕∂T 10−6 K−1 5.3 −4.5 14.3 2.5
αT 10−6 K−1 7.5 9.9 0.02 7.1
Ae m−1 62 46 18 0.2
ν 0.23 0.24 0.24 0.208
E 109 Pa 90 72.1 90.3 81
q∥ 10−12 Pa−1 0.09 0.35 0.28
q⊥ 10−12 Pa−1 0.90 1.95 1.86
Fig. 1. Schematic diagram of an apparatus for time-resolved
TL experiment. Li,Mi, Pi and f stand for lenses, mirrors, photo-
diodes, and focal distances, respectively.
Fig. 2. Experimental TL transients for (a) Zerodur
(l0  0.5; 1.0; 1.9; 3.0; 5.0 mm) and (b) CAS glasses with the
product Pel0 constant. Open symbols: experimental data; solid
lines: best curve fitting.
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in solid samples, this assumption is only valid in two
limiting cases: thin disk and long rod. For thin samples,
the so-called plane-stress approximation results in [5]
χ0  ∂n
∂T
 n − 11 ναT 
n3EαT
4
q∥  q⊥; (2)
where ν is the Poisson’s ratio, n is the refractive index of
the sample, E is the Young’s modulus, and q∥ and q⊥ refer
to the piezo-optic coefficients for stresses applied paral-
lel and perpendicular to the polarization axis, respec-
tively. The other limit, where the sample thickness is
larger than the radius of the region affected by the ther-
moelastic effect, the so-called “long rod” approach, uses
the plane strain approximation [5],
χ∞  ∂n
∂T
 n
3EαT
41 − ν q∥  3q⊥: (3)
Using the published data for CAS we estimate χ0  11.8 ×
10−6 K−1 and χ∞  7.9 × 10−6 K−1. In fact, if we use the
simplified theory to fit the experimental data, we obtain
χ0  11.5 0.9 × 10−6 K−1 for the sample with l0 
0.6 mm and χ∞  8.5 0.8 × 10−6 K−1 for l0  5.6 mm.
In general, samples with arbitrary thickness, can be an-
alyzed using the analytical model recently developed by
Malacarne and co-workers [8,9]. In [16] it was shown that
the difference introduced in the phase shift by the air-
glass heat coupling need only be considered in the case
of extremely thin samples. Under normal experimental
conditions, the adiabatic second-kind (Neumann) boun-
dary condition at the outer surfaces could be considered.
Using the unified model for calculating the laser-induced
wavefront distortion in optical materials [8,9], the sample
contribution for the phase shift in the case of a moderate
optical absorbing material, probed by an axially symmet-
ric unpolarized Gaussian beam, is
Φg; t  ϑ
Z
∞
0
l0

1 −
Ael0
2

χα; l0e−
1
8ω
2
0eα
2
× 1 − e−14w20eα2t∕tc
h
J0

αw0e

mg
p 
− 1
i
α−1dα (4)
with m  w1p∕w0e2, and
χα; l0
 ∂n
∂T
 4n − 11 ναThα; l0
l0α
 n
3EαT
41 − ν

q∥  3q⊥ −
4q∥ν q⊥2 νhα; l0
l0α

;
(5)
where hα; l0  coshl0α − 1∕l0α sinhl0α. Jnx is
the Bessel function of the first kind. The factor 1 −
Ael0∕2 in Eq. 4 accounts for the effect of moderated
optical absorption coefficients. When the sample thick-
ness is smaller than the radius of the region affected
by the thermoelastic effect, the above expression re-
duces to the plane-stress approximation given by Eq. (2),
which is indiscriminately used in the literature. In the
other limit, for sample thicknesses larger than the radius
of the region affected by the thermoelastic effect, Eq. (5)
recovers the plane-strain approximation, Eq. (3). We
remind the reader that the plane-stress and plane-strain
approximations are valid only under the above restrictive
conditions.
The thermal characteristic time tc and the parameter ϑ
were obtained from regression using the Fresnel–
Kirchhoff diffraction integral
It  j
R
∞
0 exp−1 iVg − iΦg; tdgj2
j R∞0 exp−1 iVgdgj2 (6)
with Eqs. (2), (3), or (5) in the phase shift. V 
Z1∕Zc  Zc1 Z1∕Zc2∕Z2, Zc  4.65 cm is the confo-
cal distance of the probe beam. Regressions with the
models were performed using the “NonlinearModelFit”
function in Wolfram Mathematica 7. Using the unified
model, it was observed that ϑ presented a linear depend-
ence with Pe, as expected.
Figure 3 presents the parameter ϑ obtained from the
fitted TL transients with the unified and approximated
theories normalized by the excitation beam power. It
shows that the unified model gives the same ϑ∕Pe value
regardless of the thickness of l0 for both samples CAS
and Q98. It should be noticed that the unified model re-
covers the limiting cases, thin disk and long rod, in their
respective approaches with ϑ  θT∕χl0. For instance,
the “long rod” result is close to the expected value for l0
larger than 5.5 mm and the “thin disk” for l0 thinner than
0.5 mm. Similar behavior was observed for l0 > 9 mm
and l0 < 0.5 mm in the case of Q98. Moreover, as an athe-
rmal glass, Q98 presents negative ∂n∕∂T that cancels the
Fig. 3. Parameter ϑ∕Pe versus l0 obtained by the fit of exper-
imental data for (a) CAS and (b) Q98 glasses using the models:
(open circle) unified model, (open square) plane-stress approxi-
mation, and (open triangle) plane-strain approximation. Dashed
lines are guides for the eye. The standard deviations are smaller
than 5% for CAS and smaller than 3% for Q98.
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usually positive contributions of the expansion and
stress. In this case, the discrepancy between χ0 and χ∞
is remarkable (χ0 ≃ 4χ∞) due to the relative larger con-
tribution of the stress. The averaged thermal diffusivities
were found to be D  5.0 0.4 × 10−7 m2 s−1 for CAS
and D  3.0 0.3 × 10−7 m2 s−1 for Q98. These values
are within the expected values for these materials [14,15].
Figure 4 shows the amplitude (steady-state signal) of
the TL signals normalized by the product Pel0 as a
function of l0 for BK7 samples with thicknesses varying
from 1.1 to 30 mm. The amplitude of the TL signal is very
small (θT ≈ 10−3) due to the very small absorbance at
514.5 nm (∼2 × 10−3 cm−1), and consequently the exper-
imental uncertainty is larger than in Fig. 3. Even though,
it can be clearly seen that the signal increases as the
thickness decreases, in agreement with χ0 ≃ 1.3χ∞, as ex-
pected from calculated published data (Table 1). In this
case, the experimental data is compared with transient
curves obtained by the unified model (Eq. 5) and is in
very good agreement for all thicknesses.
It is important to mention that the simplified and uni-
fied theories assume the excitation beam radius, w0e, to
be constant inside the sample along the z-direction. This
approximation has been tested by comparing numeri-
cally the intensity signal using wez  w0e and wez 
w0e

1 z − l0∕2∕zc
p
, and it was found that the error
between the two is less than 0.5%.
In conclusion, we have performed the first experimen-
tal validation, to our knowledge, of the recently proposed
model to describe the laser-induced wavefront distortion
in optical elements using the TL technique. We showed
that consistent values are obtained, irrespective to the
sample thickness, when we apply the unified model to
describe the laser induced wavefront distortion (TL ef-
fect). The results allow us to obtain more accurate physi-
cal properties from TL experiments. In addition, for the
laser source designers, the unified solution for the optical
path in analytic terms, regardless of the thickness of the
element, allows the calculation of the TL effect in optical
materials without the use of special numerical codes.
The authors are thankful to the Brazilian Agencies
CAPES, CNPq, and Fundação Araucária for the financial
support of this work.
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